Abstract. Let p and q be distinct prime numbers. We study the Galois objects and cocycle deformations of the noncommutative, noncocommutative, semisimple Hopf algebras of odd dimension p 3 and of dimension pq 2 . We obtain that the p + 1 non-isomorphic self-dual semisimple Hopf algebras of dimension p 3 classified by Masuoka have no non-trivial cocycle deformations, extending his previous results for the 8-dimensional Kac-Paljutkin Hopf algebra. This is done as a consequence of the classification of categorical Morita equivalence classes among semisimple Hopf algebras of odd dimension p 3 , established by the third-named author in an appendix.
Introduction
Throughout this paper we shall work over an algebraically closed field k of characteristic zero, and let p and q be distinct prime numbers.
Within the study of semisimple Hopf algebras and fusion categories, we are motivated by the vital interplay between bi-Galois objects, cocycle deformations, monoidal Morita-Takeuchi equivalence, and categorical Morita equivalence. These notions will be recalled below; the interplay is described in Proposition 1.1. Our achievement here is that we obtain results pertaining to these notions for the (comodule categories of the) semisimple Hopf algebras of dimension p 3 classified by Masuoka [15] . Namely, via a systematic approach using group-theoretical fusion categories, we parameterize the isomorphism classes of right Galois objects for the nontrivial semisimple Hopf algebras of dimension p 3 . We also determine both the cocycle deformations and categorical Morita equivalence classes of these Hopf algebras. We achieve similar results on Galois objects and cocycle deformations for the semisimple Hopf algebras of dimension pq 2 classified by the third author [21] . See Theorems 1.3, 1.4, and 1.5, respectively.
To begin, take H and L arbitrary Hopf algebras with standard structure notation m, u, ∆, ǫ, S. We employ Sweedler notation (e.g. ∆(h) = h (1) ⊗ h (2) , for h ∈ H).
(Bi)Galois objects. A nonzero algebra R is a right H-Galois object if R is an Hcomodule algebra such that R co H ∼ = k and the Hopf-Galois map R ⊗ R ∼ → R ⊗ H, r ⊗ s → rs (0) ⊗ s (1) is bijective; a left L-Galois object R is defined analogously. An (L, H)-biGalois object R is a nonzero right H-Galois object and a left L-Galois object for which H and L coact on R compatibly. If R is a right H-Galois object, then there exists a Hopf algebra L(R, H) that coacts on R from the left so that R is an (L(R, H), H)-biGalois object. Furthermore, L(R, H) is called the left Galois
Let us now recall some ties between the notions above.
Proposition 1.1. (Bi/right) Galois objects, cocycle deformations, monoidal MoritaTakeuchi equivalence, and categorical Morita equivalence, are connected in the following ways. Let H and L be finite-dimensional Hopf algebras.
(1) [5, Theorems 9 and 11 (3) ] Any right H-Galois object is a crossed product algebra σ H := k# σ H with x * σ y = σ(x (1) , y (1) )x (2) y (2) for x, y ∈ H and σ a convolution invertible 2-cocycle of H. (2) [27, Theorem 3.9] The crossed product algebra σ H is an (H σ , H)-biGalois object where the coaction σ H → H σ ⊗ σ H is given by x → x (1) ⊗ x (2) , and the left Galois Hopf algebra of σ H is H σ .
(3) [27, Theorem 5.5 and Corollary 5.7] Up to isomorphism, every monoidal
Morita-Takeuchi equivalence Φ : H-comod → L-comod is given by taking a co-tensor product with a unique (L, H)-biGalois object R which is unique up to isomorphism. Namely, Φ ∼ = Φ R where Φ R (V ) = R H V , for all V ∈ H-comod. The main results of this paper concerning cocycle deformations and Galois objects for these Hopf algebras are summarized in the following theorem. Let us denote by G = UT(3, p) the group of upper triangular unipotent 3 × 3 matrices with entries in the field F p , and by T = Z p 2 ⋊ Z p the unique nonabelian group of order p 3 and exponent p 2 .
Theorem 1.4 (Theorem B.2). Semisimple Hopf algebras of dimension p 3 fall into p + 6 categorical Morita equivalence classes. More precisely, the Hopf algebras
, A ζ t ,1 , A ζ,g , . . . , A ζ p−1 ,g , are pairwise categorically Morita inequivalent and, furthermore, the equivalence class of k G (respectively, the equivalence class of k T ) consists of k G and kG (respectively, of k T and kT ).
The second class of noncommutative, noncocommutative, semisimple Hopf algebras we study are those of dimension pq 2 . According to work of the third author [21, Theorem 3.12.4] , these Hopf algebras are divided into three classes:
A l , for p ≡ 1 mod q, B λ , B * λ , for q ≡ 1 mod p.
See Definitions 7.6 and 7.2 for their presentations. Here, l is an integer between 0 and q − 1, and λ runs over a certain set of integers between 0 and p − 2. Our main result here is the following. We achieve the results on Galois objects above by first realizing each Hopf algebra as an abelian extension corresponding to a matched pair of finite groups. Then we use a bijective correspondence between right Galois objects for abelian extensions and fiber functors of certain group-theoretical fusion categories associated to the relevant matched pair (Proposition 4.3). Finally, we employ Ostrik's and the third author's parameterization of fiber functors of group-theoretical fusion categories (Theorem 2.2; see also Remark 2.3).
Results related to those in Theorem 1.3 were obtained by Masuoka for certain semisimple Hopf algebras of even dimension [17] . In particular, he showed that the Kac-Paljutkin Hopf algebra of dimension 8 has only trivial Galois objects and trivial cocycle deformations [17, Theorems 4.1 and 4.8]. We recover this result in Appendix A (Proposition A.1) via the techniques specified above.
The paper is organized as follows. In Section 2, we provide background material on group-theoretical fusion categories, their module categories, and discuss results of Ostrik and of the third author crucial to the proof of Theorems 1.3 and 1.5. We then provide background material on abelian extensions of Hopf algebras in Section 3, and recall the connection between Galois objects and fiber functors in Section 4. We review Masuoka's classification of semisimple Hopf algebras of dimension p 3 in Section 5. Parts (1) and (2) of Theorem 1.3 are established in Section 6. See Section 7 and 8 for a discussion of the semisimple Hopf algebras of dimension pq 2 and the proof of Theorem 1.5. Results on cocycle deformations are presented in Section 9. These methods are applied in Appendix A to yield Masuoka's results on the 8-dimensional Kac-Paljutkin Hopf algebra. The classification of categorical Morita equivalence classes among the noncommutative noncocommutative examples in dimension p 3 is given in Appendix B.
Group-theoretical fusion categories
In this section, we discuss background material on group-theoretical fusion categories and their module categories, ending with results of Ostrik [25] and the third author [24] that are crucial for establishing our main result.
2.1. Fusion categories and their module categories. We refer to [7, 8] for a general theory of such categories. Let C be a fusion category over k. A left module category over C (or C-module category) is a finite semisimple k-linear abelian category M equipped with an action bifunctor ⊗ : C × M → M and natural isomorphisms
for X, Y ∈ C, M ∈ M, satisfying appropriate coherence conditions [7, Section 7.1] . A module category structure on M corresponds to a tensor functor
The rank of M is the cardinality of the set of isomorphism classes of simple objects of M. Module categories of rank one correspond to tensor functors C → Fun(M, M) ∼ = Vec, that is, to fiber functors on C.
A C-module category M is called indecomposable if it is not equivalent to a direct sum of two non-trivial C-submodule categories. Every semisimple indecomposable module category over C is equivalent to the category C A of right A-modules in C, for some semisimple indecomposable algebra A in C [25, Section 3.3].
Let M be an indecomposable C-module category. 2.2. Group-theoretical fusion categories. We refer the reader to [7, Section 9.7] and [8, Section 8.8 ] for general background material. A fusion category C is called pointed if every simple object of C is invertible. If C is a pointed fusion category, then there exist a finite group G and a 3-cocycle ω : G × G × G → k × such that C is equivalent to the fusion category C(G, ω) of finite-dimensional G-graded vector spaces with associativity constraint determined by ω.
Every indecomposable module category over the fusion category C(G, ω) arises from a pair (F, α), where F is a subgroup of G such that the class of ω| F ×F ×F is trivial in H 3 (F, k × ) and α : F × F → k × is a 2-cochain on F satisfying dα = ω| F ×F ×F ; see, e.g., [26, Example 2.1] . If (F, α) is such a pair, then the twisted group algebra k α F is a semisimple, indecomposable, associative algebra in C(G, ω), and the module category corresponding to the pair (F, α) is the category M 0 (F, α) := C(G, ω) kαF of right k α F -modules in C(G, ω). We shall use the notation
A fusion category C is called group-theoretical if it is categorically Morita equivalent to a pointed fusion category. An indecomposable module category M such that C * M is pointed is called a pointed module category. Thus, C is group-theoretical if and only if there exist a finite group G and a 3-cocycle ω : G × G × G → k × such that C is equivalent to the fusion category C(G, ω, F, α), where F is a subgroup of G, and α :
Every fusion category of FP-dimension p n , for some n ∈ N, is group-theoretical [7, Corollary 9.14.16]; this includes the category of (co)modules over a semisimple Hopf algebra of dimension p n .
The class of group-theoretical fusion categories is closed under categorical Morita equivalence. In particular, it is closed under tensor products and Drinfeld centers. 
and
, a, b ∈ G.
Remark 2.1. Suppose that either one of the following assumptions holds:
(a) The 3-cocycle ω is trivial, or
It was observed in [24] that we obtain, as in [26 Recall from Subsection 2.1 that rank one module categories over a fusion category C correspond to fiber functors on C. In the case where C is a group-theoretical fusion category, these functors were determined in [26, Corollary 3.4] . We record the corresponding classification result in the next theorem. Recall that a 2-cocycle γ on a finite group S is non-degenerate if the twisted group algebra k γ S is isomorphic to a matrix algebra. 
Remark 2.3. In Sections 6 and 8 we shall apply Theorem 2.2 to determine isomorphism classes of Galois objects for families of semisimple Hopf algebras of dimensions p 3 and pq 2 , respectively, where p and q are distinct prime numbers. As we shall see, in these contexts, either the subgroups L we need to consider satisfy H 2 (L, k × ) = 0 or the 3-cocycle ω is trivial. Hence, Remark 2.1 applies, and the problem is reduced to determining conjugacy classes of such pairs (L, β).
Abelian extensions of Hopf algebras
In this section we review some preliminaries on matched pairs of finite groups and Hopf algebra extensions arising from them. We refer the reader to [16] and [18] for further details.
3.1. Matched pairs of groups. Let F and Γ be finite groups endowed with mutual actions by permutations Γ
for all s, t ∈ Γ and x, y ∈ F . If ⊳, ⊲ are actions satisfying conditions (3.1), then (F, Γ) is called a matched pair of finite groups.
If (F, Γ) is a matched pair of finite groups, then the set F × Γ is a group, denoted F ⊲⊳ Γ, with multiplication defined for all x, y ∈ F , s, t ∈ Γ in the form
Let us identify the subgroups F × 1 and 1 × Γ of F ⊲⊳ Γ with F and Γ, respectively. Then the group F ⊲⊳ Γ admits an exact factorization F ⊲⊳ Γ = F Γ. Conversely, every group G endowed with an exact factorization into its subgroups F ′ ∼ = F and Γ ′ ∼ = Γ gives rise to actions by permutations ⊳ : Γ × F → Γ and ⊲ : Γ × F → F making (F, Γ) into a matched pair; these actions are determined by the relations
3.2. Bicrossed products arising from matched pairs of groups. Retain the setting of Section 3.1. Let σ :
× be maps. Let us denote for x, y ∈ F , s, t ∈ Γ, σ s (x, y) := σ(x, y)(s) and τ x (s, t) := τ (s, t)(x).
Let k Γ τ # σ kF denote the vector space k Γ ⊗ kF with multiplication and comultiplication defined, for all g, h ∈ Γ, x, y ∈ F , by the formulas (e g #x)(e h #y) = e g e h⊳x −1 σ(x, y)#xy = δ g⊳x,h σ g (x, y)e g #xy, (3.2)
We shall call k Γτ # σ kF the bicrossed product associated to the pair (σ, τ ). This bicrossed product k Γτ # σ kF is a Hopf algebra if and only if the pair (σ, τ ) satisfies the following conditions, for all x, y, z ∈ F , s, t, u ∈ Γ
That is, k Γτ # σ kF is a Hopf algebra precisely when σ, τ are normalized 2-cocycles satisfying compatibility condition (3.8).
3.3.
Extensions arising from matched pairs of groups. Retain the setting of Section 3.1 and take k Γτ # σ kF a bicrossed product of Hopf algebras as in Section 3.2.
denote the canonical projection. We have an exact sequence of Hopf algebras
Let H be a Hopf algebra fitting into such an exact sequence. Then there exist mutual actions by permutations between F and Γ so we have a matched pair of groups such that H is isomorphic to the bicrossed product k Γτ # σ kF for appropriate compatible actions and cocycles σ and τ . In this case, we say that H is an abelian extension associated to the matched pair (F, Γ).
Let (F, Γ) be a fixed matched pair of finite groups and let G = F ⊲⊳ Γ. Equivalence classes of abelian extensions associated to (F, Γ) form an abelian group Opext(k Γ , kF ), whose unit element is the class of the split extension k Γ #kF . Moreover, by a result of G. I. Kac [12] , there is an exact sequence of abelian groups
arising from an abelian extension (3.9) in the Kac exact sequence, we have the following result. 
Proof. If G is a finite group and S is a subgroup of G, then for n ≥ 1, the corestriction (or transfer) map Cor : 
Galois objects and fiber functors
Here we recall how the material in the previous two sections and the main objective of this work are connected. This connection relies on a correspondence between Galois objects of semisimple Hopf algebras described in Section 3.2 (or equivalently, in Section 3.3) and fiber functors of certain group-theoretical fusion categories (see Section 2).
Let (F, Γ) be a matched pair of finite groups and let σ :
× be compatible cocycles. Consider the associated bicrossed product k Γτ # σ kF and let mod-(k Γτ # σ kF ) be the fusion category of finite-dimensional right modules over k
Then there is an equivalence of tensor categories
is the map in the Kac exact sequence from [29, Section 6.3 ] (see also [22, Proposition 4.3] ). Explicitly, we may write
As a consequence of this fact we obtain the following parameterization of right Galois objects for an abelian extension. Proof. By a result of Ulbrich [31] , isomorphism classes of right Galois objects of (k
Proposition 4.3. Let H be a semisimple Hopf algebra fitting into an exact se-
* are in bijective correspondence with isomorphism classes of fiber functors on the category (k
The tensor equivalence (4.1) now implies the result.
Semisimple Hopf algebras of dimension p 3
In this section we study the first class of noncommutative, noncocommutative, semisimple Hopf algebras that are of interest to this work.
Let p be an odd prime number. Let also
Consider the action by Hopf algebra automorphisms ⇀:
Let ζ ∈ k be a pth root of 1 and let g ∈ G(k F ) be a Γ-invariant group-like element. Masuoka constructed in [15] 
). The Hopf algebra A ζ,g is defined as the k F -ring generated by an elementx with relations
for all f ∈ k F . The coalgebra structure of A ζ,g is determined by the requirements that k F is a subcoalgebra and
where, for all 0
Moreover, we have the following classification result: 
where ζ ∈ k is a fixed primitive pth root of unity, 
Proof. We only need to prove the second isomorphism. The Hopf algebras A 1,g are cocommutative, so the claim is evident if ζ = 1.
Suppose that ζ = 1. By (5.2), the following relations hold in A ζ,g , for all
From the definition of A ζ,g , we find that there exists a unique algebra map γ :
Moreover, γ| k F is a Hopf algebra isomorphism. In addition, (5.3) implies that
Thus γ is a bialgebra isomorphism, and hence a Hopf algebra isomorphism.
Consider the matched pair (F, Γ), where the action ⊳ : Γ × F → Γ is trivial and the action ⊲ : Γ × F → F is the action by group automorphisms determined by
The associated group G = F ⊲⊳ Γ coincides with the semidirect product F ⋊ Γ. Note that there is an isomorphism of groups G ∼ = UT(3, p) of upper triangular unipotent 3 × 3 matrices with entries in the field F p with p elements.
Let ζ, λ ∈ k be pth roots of unity. Let σ :
× be the maps defined by Observe that, for all 0 ≤ n, m, i, j ≤ p − 1, we have
Proposition 5.9 (H ζ,λ ). Retain the notation above. Let ζ, λ be pth roots of 1 and let σ and τ be given by (5.7). Then the bicrossed product
is a Hopf algebra. Further, there is an isomorphism of Hopf algebras H * ζ,λ
Proof. It is straightforward to check that σ and τ satisfy conditions (3.4)-(3.8) in Section 3.2 with respect to the matched pair (F, Γ). Therefore H = k Γτ # σ kF is a Hopf algebra.
Consider the matched pair (Γ, F ) where the action ⊲ : F × Γ → Γ is trivial and the action ⊳ : F × Γ → F is given by (5.10) a⊳x = a, b⊳x = ab.
A direct computation shows that τ and σ satisfy conditions (3.4)-(3.8) with respect to this matched pair (note that the roles of σ and τ are reversed in this context).
In this way we get another Hopf algebra k
It follows from Formulas (3.2) and (3.3) that the map
given by
defines a non-degenerate bialgebra pairing. Thus we obtain an isomorphism of Hopf algebras
Then g is a Γ-invariant group-like element of k F with respect to the action induced by (5.10).
It follows from Definition 5.1 that there is a unique homomorphism of algebras ϕ :
From Formula (3.3) for the comultiplication in k F σ # τ kΓ we find that
, for all f ∈ k F , and k F andx generate A ζ −1 ,g as an algebra, we get that ϕ is a bialgebra map and therefore it is a Hopf algebra map. Moreover, ϕ is surjective because k F and X generate k 
where ζ, λ ∈ k are primitive pth roots of unity and t ∈ F p is a quadratic nonresidue.
Next, we consider the representation categories of the Hopf algebras above.
Proposition 5.13. Let G = F ⋊ Γ ∼ = UT(3, p) and let ζ, λ ∈ k be pth roots of unity. Then there is an equivalence of tensor categories
Proof. By [22, Proposition 4.3 and Formula (3.12)] there is an equivalence of tensor categories mod-H ζ,λ ∼ = C(G, ω ζ,λ , F, 1), where G = F ⋊ Γ and ω ζ,λ is the 3-cocycle on G given by
, we obtain the expression (5.14) for ω ζ,λ . This proves the proposition.
We also obtain the following consequence of Propositions 5.9 and 5.13. 
Then there is an equivalence of tensor categories
Proof. By [15, Theorem 2.18] and Proposition 5.9, we have isomorphisms of Hopf algebras In this section, we compute the number of right Galois objects of the bicrossed products H ζ,λ of Proposition 5.9, and thus of Masuoka's Hopf algebras A ζ,g of Definition 5.1.
To begin we recall facts about 3-cocycles on cyclic groups. Let N ≥ 1 be an integer and let L = c be a cyclic group of order N . Then, for every N th root of unity θ, the expression
is a group isomorphism, where G N denotes the multiplicative group of N th roots of unity in k and [ω θ ] denotes the class of
Lemma 6.3. Let L = c be a cyclic group of order N . Then, for every N th root of unity ξ, the expression Proof. It is straightforward to verify thatω ξ in (6.4) is a 3-cocycle. Hence there must exist an N th root of unity θ such thatω ξ is cohomologous to ω θ in (6.1) by (6.2). So, there exists a 2-cochain t :
, 0 ≤ n, m, ℓ ≤ N − 1.
We may assume that t is a normalized 2-cochain, that is, t(1, c n ) = 1 = t(c n , 1), for all 0 ≤ n ≤ N − 1. Observe that, for all 0 ≤ n, m, ℓ ≤ N − 1,
Therefore we obtain the following relation, for all 0 ≤ n, m, ℓ ≤ N − 1:
Combined with (6.4), the last relation implies that, for all 0 ≤ m < N − 1,
and also that N −1 , c) .
An inductive argument, using Formula (6.5), shows that
Hence, from (6.6),
, as claimed. Finally, note that if N is odd and not divisible by 3, then θ = (ξ N )
(N −1)(2N −1) 6 = 1. This finishes the proof of the lemma.
This brings us to the main result of this section. 
and the 3-cocycle ω = ω ζ,λ is given, for all 0 ≤ i, i
Now by Proposition 4.3, right Galois objects of A ζ,g correspond to fiber functors of the category A ζ,g -comod. In view of the previous equivalence and Theorem 2.2, we need to determine the pairs (L, β) where L is a subgroup of G and β is a 2-cocycle on L, such that the following conditions are satisfied:
the first case contradicts (ii) and the second case contradicts (i) (see Corollary B.8). So |F ∩ L| = 1 and G = LF is an exact factorization. In particular, the subgroup L is cyclic. In view of Remark 2.1, isomorphism classes of fiber functors in A ζ,g -comod are classified by conjugacy classes of such pairs (L, β).
Recall that G ∼ = UT(3, p); it is well-known that UT(3, p) has p conjugacy classes of subgroups of order p not contained in F . A straight-forward computation then shows that conjugacy classes of such subgroups L of G are represented by the subgroups
One could check this by using, for all 0 ≤ n ≤ p − 1, the formula
Moreover, since |L j | = p, we have that β ∈ H 2 (L j , k × ) is trivial. So we have accounted for conditions (ii) and (iii) and now it suffices to verify condition (i) for the pairs (L j , 1) to parameterize right Galois objects of A ζ,g .
Observe that, for j = 0, L 0 = Γ and ω| Γ×Γ×Γ = 1. The pair (Γ, 1) corresponds to the trivial right Galois object. Now by (5.14) and (6.8), the restriction of the 3-cocycle ω to the subgroup L j is determined by the formula, for all 0 ≤ n, m, ℓ ≤ p − 1
It follows from Lemma 6.3 that ω| Lj is cohomologous to the 3-cocycle
Suppose that j = 0 and p = 3. Then the class of ω| Lj×Lj ×Lj is not trivial if λ = 1. That is, condition (i) is violated for pairs (L j , 1) for A ζ,1 (and for A ζ 2 ,1 ) and (Γ, 1) represents the unique conjugacy class of pairs (L, β) giving rise to a fiber functor in this case. On the other hand, for any λ = 1, there exists a unique j = 0, such that the class of ω| Lj ×Lj×Lj is trivial. This implies that there are two conjugacy classes of pairs (L, β) corresponding to fiber functors of A ζ,g -comod when g = 1. Thus part (1) holds.
In the remaining case when j = 0 and p > 3, the class of the cocycle ω| Lj is trivial if and only if λ = 1. This implies part (2).
The last statement of the theorem follows from Theorem B.2 (see Proposition 1.1 (1), (2) and Proposition 9.2 later in the paper).
Remark 6.9. Suppose that p > 3 and let H be one of the Hopf algebras A ζ,1 , A ζ t ,1 . Thus H fits into a central extension k → k Γ → H → kF → k, where Γ = Z p and F = Z p × Z p . It follows from Theorem 6.7(2) that the number of right Galois objects of H coincides with the order of the second cohomology
This poses the question of deciding if every Hopf 2-cocycle for H arises from some group 2-cocycle for F via the map H → kF or, equivalently, if for every H-Galois object R there exists some kF -Galois object Z such that R = Z kF H, which is referred to as the inflation of the Galois object Z in [17] .
The following is a possible approach to this question that was kindly pointed out to us by the referee. Let φ : H → R be a unit-preserving H-comodule map which is convolution invertible, or equivalently, bijective. By [11, Theorem 4] , the answer is positive for a given H-Galois object R if and only if φ(k Γ ) is central in R.
The developments required to conduct this approach exceed however the scope of the present paper, and we postpone them for a future work.
Semisimple Hopf algebras of dimension pq 2
In this section we introduce and describe the second class of noncommutative, noncocommutative, semisimple Hopf algebras that are of interest to this work. Let p and q be distinct prime numbers.
Suppose that q ≡ 1 mod p and let m a primitive pth root of 1 modulo q. Consider the matched pair (F, Γ), where
such that the action ⊲ : Γ × F → F is trivial and ⊳ : Γ × F → Γ is the action by group automorphisms determined by
for 0 ≤ λ ≤ p − 1 an integer such that λ ≡ −1 mod p. The associated group G = F ⊲⊳ Γ coincides with the semidirect product F ⋉ Γ with respect to the action (7.1).
Let ζ ∈ k be a primitive qth root of 1. The third author described in [21, Section 1.4] a semisimple Hopf algebra B λ (m, ζ) of dimension pq 2 that fits into an abelian exact sequence
Definition 7.2 (B λ ). The Hopf algebra B λ (m, ζ) is defined as k
Γτ # ⇀ kF where ⇀ is induced by ⊳ and the cohomology class of the dual cocycle can be represented by a factor set τ :
Here, e g t is the dual basis element of g t ∈ kF . Further, u q = 1, ζ 1 = ζ and ζ t = ζ ct(m λ+1 ) for all 0 ≤ t ≤ p − 1 where c t (n) := 1 + n + · · · + n t−1 , for n ∈ Z. For m, ζ fixed, denote
The following result will be needed in the proof of Theorem 8.1.
Lemma 7.3. With the notation above, we have
Proof. Since the orders of F and Γ are relatively prime,
. By [30, Theorem 2] , this restriction map induces a group isomorphism
F , where the action by group automorphisms of F on H 2 (Γ, k × ) is the one arising from the adjoint action of F on Γ, or in other words, from the action (7.1).
For each qth root of unity ξ ∈ k, let α ξ : Γ × Γ → k × be the 2-cocycle by
Then the map ξ → α ξ induces a group isomorphism
, where G q is the group of qth roots of unity in k. A direct computation shows that the action of
Since, by assumption, m is of order p in F × q , and λ ≡ −1 mod p, then the action of F on H 2 (Γ, k × ) has no non-trivial fixed points. Therefore
Lemma 7.4. There is an equivalence of tensor categories
where the class of the 3-cocycle ω is trivial in
Proof. Since the orders of F and Γ are relatively prime, the class of the 3-cocycle ω in H 3 (F ⋉Γ, k × ) associated to an exact sequence k → k Γ → B λ → kF → k is trivial, due to Lemma 3.10. This implies the lemma, in view of the equivalence (4.1).
Suppose now that p ≡ 1 mod q. Fix h and t primitive qth roots of 1 modulo p. Consider the matched pair (F ′ , Γ ′ ), where
such that the action ⊲ : Γ ′ × F ′ → F ′ is trivial and the action ⊳ : Γ ′ × F ′ → Γ ′ is the action by group automorphisms determined by
The associated group F ′ ⊲⊳ Γ ′ coincides with the semidirect product F ′ ⋉ Γ ′ with respect to the action (7.5).
For an integer 0 ≤ l ≤ q − 1, Andruskiewitsch and the third author described in [1, Subsection 2.4] a self-dual semisimple Hopf algebra A l of dimension pq 2 that fits into an abelian exact sequence k → k
Fix y ∈ k Γ ′ a group-like element of order q. That is, y : Γ ′ → k × is a non-trivial group homomorphism. Definition 7.6 (A l ). The Hopf algebra A l is defined as the bicrossed product k
, where the cocycle
for all 0 ≤ n, m ≤ q − 1.
Lemma 7.7. There is an equivalence of tensor categories
where
where η ∈ k is the primitive qth root of unity defined by η = y(a).
Proof. Since A l is self-dual, we have that A l -comod ∼ = mod-A l . Thus the result is a special case of the equivalence (4.1). Observe that
Finally, we have the classification result below. Proof. Case B λ . The Hopf algebra B * λ fits into a central exact sequence F ) be the matched pair associated to (8.2) , so that the action F × Γ → F is trivial and Γ ⊲⊳ F is a semidirect product Γ ⋊ F . Observe that Γ ⋊ F is isomorphic to the semidirect product F ⋉ Γ associated to the exact sequence From (4.1), we obtain an equivalence of tensor categories
By Proposition 4.3, right Galois objects of B λ correspond to fiber functors of the category C(Γ ⋊ F, ω, Γ, 1). Moreover, by Lemma 3.10 the class of the 3-cocycle ω induced from (8.2) is trivial. By Theorem 2.2, these fiber functors arise from pairs (L, β) where L is a subgroup of Γ ⋊ F and β is a 2-cocycle on L, such that the following conditions are satisfied:
(ii) The class of the 2-cocycle β| Γ∩L is non-degenerate.
Suppose first that Γ ⊆ L. Then L = Γ ⋊ F , because of condition (i). By Lemma 7.3, H 2 (F ⋉ Γ, k × ) = 0, so this possibility is discarded by condition (ii).
Suppose next that Γ∩L = 1. Then condition (i) forces |L| = p. This implies that
is trivial. Moreover, by Theorem 2.2, isomorphism classes of fiber functors are classified by conjugacy classes of such pairs; see Remark 2.1. Now, L is a p-Sylow subgroup of Γ ⋊ F and hence L must be a conjugate of F . Therefore there is in this case a unique conjugacy class represented by the pair (F, 1), which corresponds to the trivial B λ -Galois object.
Case B * λ . By Proposition 4.3 and Lemma 7.4, right Galois objects of B * λ correspond to fiber functors of the category C(F ⋉ Γ, ω, F, 1), where the class of the 3-cocycle ω is trivial. In particular, there is an equivalence of tensor categories
, where α is a 2-cocycle on F , see for instance [8, Remark 8.39 ]. In view of Theorem 2.2 and Remark 2.1, these fiber functors are classified by conjugacy classes of pairs (L, β) where L is a subgroup of F ⋉ Γ and β is a 2-cocycle on L, such that the following conditions are satisfied:
Suppose (L, β) is such a pair. Condition (ii) implies that F ∩ L = 1. Then L must be a subgroup of order q 2 of F ⋉ Γ, in view of condition (i). Then L is a q-Sylow subgroup of F ⋉ Γ, and there is only one conjugacy class of such subgroups. So we can take L = Γ and condition (i) is satisfied. Since F ∩ L is trivial, condition (ii) holds as well. Now we need to determine the conjugacy classes of 2-cocycles on Γ. We have that H 2 (Γ, k × ) ≃ Z q and every 2-cocycle is cohomologous to exactly one of the form
where ξ is a primitive qth root of 1.
Since λ ≡ −1 mod p, and m is a primitive pth root of unity modulo q, then m k(λ+1) ≡ 1 mod q, for all 0 < k ≤ p − 1. Therefore the conjugacy class corresponding to ξ = 1 has p elements. Write q = pr + 1. Then we obtain r conjugacy classes with p elements each and one class with 1 element. Denote the representative cocycles by β 1 , . . . , β r , 1.
Then, in this case, (Γ, β 1 ) , . . . , (Γ, β r ), (Γ, 1) represent the conjugacy classes of pairs (L, β) giving rise to a fiber functor.
Case A l . In view of Proposition 4.3 and Lemma 7.7, right Galois objects for the Hopf algebra A l correspond to fiber functors of the category C(F ′ ⋉ Γ ′ , υ, F ′ , 1) where the 3-cocycle υ on F ′ ⋉ Γ ′ is given by Formula (7.8).
A fiber functor corresponds to a pair (L, β) where L is a subgroup of F ′ ⋉ Γ ′ and β is a 2-cocycle on L, such that the following conditions are satisfied:
Suppose (L, β) is such a pair. Conditions (ii) and (iii) imply that L is a subgroup of order pq of
We claim that L is one of the (pairwise distinct) subgroups
Indeed, since L is of order pq, then it contains the subgroup b generated by b and therefore L = b S, where S is a subgroup of order q such that S = F ′ , by condition (i). Each subgroup of order q is inside of some q-Sylow subgroup, then it is conjugate to one inside g, a ⊂ F ′ ⋉ Γ ′ ; that is, S is conjugate to one of the subgroups
This proves the claim. Now we study condition (i). By Equation (7.8), it will be enough to analyze the restriction of υ to the cyclic subgroup
If l = 0, conditions (i) and (ii) hold for all L k , 0 ≤ k ≤ q − 1. Then we obtain q fiber functors (L 0 , 1), . . . , (L q−1 , 1) that correspond to q non-isomorphic right Galois objects.
′ , thus (L 0 , 1) corresponds to the trivial right Galois object.
Assume next that k = 0. Letη ∈ k be a primitive qth root of unity such that
where υη :
for all 0 ≤ n, n ′ , n ′′ ≤ q − 1. In other words, υ| S k ×S k ×S k coincides with the image of υη under the group isomorphism
, then the class of υη is not trivial in H 3 (S 1 , k × ) (see the discussion at the beginning of Section 6). Therefore υ| S k ×S k ×S k represents a non-trivial cohomology class. Thus, condition (i) is violated for pairs (L k , 1) such that k = 0. Hence, in this case there is, up to isomorphism, a unique fiber functor corresponding to the pair (Γ ′ , 1). In this section we discuss cocycle deformations for noncommutative, noncocommutative, semisimple Hopf algebras of dimension p 3 and pq 2 . We begin with the following observation:
Remark 9.1. If a finite-dimensional Hopf algebra H only has trivial right Galois objects, then H cannot be deformed by a cocycle non-trivially. Indeed, the left Galois Hopf algebra of the trivial Galois object H is isomorphic to H; see Proposition 1. In this appendix we recover Masuoka's result that the noncommutative, noncocommutative, semisimple Kac-Paljutkin Hopf algebra H 8 of dimension 8 has no nontrivial Galois objects, and no non-trivial cocycle deformations [17, Theorems 4.1(1) and 4.8 (1)]. This is achieved by using the techniques above.
According to [14, Proposition 2.3] , H 8 ∼ = k F τ # σ kΓ is a bicrossed product where
is a matched pair of finite groups, such that the action ⊳ : Γ × F → Γ is trivial and the action ⊲ : Γ × F → F is the action by group automorphisms determined by
The Hopf algebra H 8 is also self-dual. Here, the group F ⋊ Γ is isomorphic to the dihedral group of order 8. 
where ω is the 3-cocycle on F ⋊ Γ associated to H 8 in the Kac exact sequence. In view of Theorem 2.2, every such fiber functor corresponds to a pair (L, β) where L is a subgroup of G := F ⋊ Γ and β is a 2-cocycle on L, such that the following conditions are satisfied:
(i) The class of ω| L×L×L is trivial.
(ii) G = LF .
(iii) The class of the 2-cocycle β| F ∩L is non-degenerate.
Suppose (L, β) is such a pair. As in the proof of Theorem 6.7, the conditions above imply that L is a subgroup of order 2 of
which is not contained in F . Thus, by Remark 2.1, isomorphism classes of fiber functors on H 8 -comod are classified by conjugacy classes of such pairs (L, β). It is easy to see that the subgroups of order 2 not contained in F are Γ = t and abt . Moreover, these subgroups are conjugate as a(abt)a −1 = a(abt)a = t. Therefore, the only subgroup L under consideration is Γ ∼ = Z 2 , and β is trivial in this case. As in the proof of Theorem 6.7, the pair (Γ, 1) corresponds to the trivial Galois object. This implies the result; see Remark 9.1. , 1) ) is a pointed fusion category. In view of [9, Theorem 3.1], the assumption implies that Z(C(L, 1)) and Z(C) are equivalent as braided fusion categories. Thus Z(C) is a pointed fusion category and therefore so is C.
We next recall a Morita invariant of a fusion category introduced by Etingof in [6] . Let C be a finite tensor category over k and let Z(C) be its Drinfeld's center The quasi-exponent qexp C of C is defined as the smallest integer N such that (c 2 )
N is unipotent, where c 2 is the 'square' of the canonical braiding c of Z(C), that is, c
If C is a fusion category, then the quasi-exponent of C is called the exponent of C and denoted exp C. By [6, Theorem 5.1] , the exponent of a fusion category is finite. Note in addition that if L is any finite group, the exponent of the pointed fusion category C(L, 1) coincides with the exponent of L.
Moreover, the exponent of a fusion category C is a Morita invariant of C: 
In addition, (F, Γ) is a matched pair with respect to the action (5.6) such that F ⊲⊳ Γ = F ⋊ Γ ∼ = G.
Let A ζ,g be one of the (noncommutative) Hopf algebra of dimension p 3 constructed by Masuoka in [15, Lemma 2.4] , where ζ ∈ k is a pth root of unity, g is a Γ-invariant group-like element of k F , and t ∈ F p is a quadratic nonresidue; see Definition 5.1.
As was observed in [15, Example 2.6], there are isomorphisms of Hopf algebras A 1,1 ∼ = kG and A 1,g ∼ = kT , for all g = 1.
Lemma B.6. Let ζ, λ ∈ k be pth roots of unity and let g ∈ k F be the group-like element defined by g(a i b j ) = λ j . Let also ω ζ,λ : G×G×G → k be the 3-cocycle given by Formula (5.14). Then the categories mod-A ζ,g and C(G, ω ζ,λ ) are categorically Morita equivalent.
Proof. Observe that the category C(G, ω ζ,λ , F, 1) is categorically Morita equivalent to the pointed fusion category C(G, ω ζ,λ ), for all pth roots unity ζ, λ ∈ k. By Proposition 5.9, there is an isomorphism of Hopf algebras A * ζ,g ∼ = H ζ,λ . Hence, from Proposition 5.13, we get equivalences of tensor categories
This implies the lemma because the categories mod-A * ζ,g and mod-A ζ,g are categorically Morita equivalent [25, Theorem 4.2] .
Corollary B.8. Suppose that 1 = ζ ∈ k. Then the class of the 3-cocycle ω ζ,λ is not trivial in
Proof. Let g ∈ k F be the invariant group-like element such that g(a i b j ) = λ j , 0 ≤ i, j ≤ p − 1. By Proposition 5.9, there is an isomorphism of Hopf algebras
Recall that the class of ω ζ,λ is the image of the
Suppose on the contrary that the class of ω ζ,λ is trivial. By exactness of the Kac sequence, the extension k Γτ # σ kF belongs to the image of the map
and therefore its class in the cokernel of δ is trivial. It follows from [18, Proposition 3.1] that H ζ,λ = k Γτ # σ kF is isomorphic to a cocycle deformation of the split extension k Γ #kF . But k Γ #kF ∼ = k G is a commutative Hopf algebra. This leads to a contradiction because, for all ζ = 1, the Hopf algebras H ζ,g ∼ = A ζ,g are not a cocycle deformation of any commutative Hopf algebra [18, Proposition 2.5] . Therefore the class of ω ζ,λ is not trivial, as claimed.
Identify G with the group F ⋊ Γ, and let ω = ω ζ,λ . For every pair (L, β), where L is a subgroup of G such that the class of ω| L×L×L is trivial and
op is equivalent to the fusion category
Note that, since the restriction of ω ζ,λ to the cyclic subgroup Z := a ∼ = Z p is trivial, then the pair (Z, 1) has an associated indecomposable module category M 0 (Z, 1).
Proposition B.9. Let ζ, λ ∈ k be pth roots of unity. Then M 0 (Z, 1) is a pointed module category over C(G, ω ζ,λ ). Furthermore, there is an equivalence of tensor categories
whereG is an abelian group andω ζ,λ is a 3-cocycle onG.
Proof. The subgroup Z coincides with the center of G. Therefore, it follows from [20, Theorem 3.4 ] that M 0 (Z, 1) is a pointed module category. Hence
where the groupG is isomorphic to the group of invertible objects of the category C(G, ω ζ,λ , Z, 1), andω ζ,λ is a 3-cocycle onG.
We show next that the groupG is abelian. By [10, Theorem 5.2], the groupG is isomorphic to the group K ⋉ ν Z defined as follows:
where the action
ρ, is induced from the adjoint action of K on Z, and ν : K × K → Z is a certain cocycle on K. Notice that since Z is central in G, then the action of K on Z is trivial.
Let ω = ω ζ,λ . In our case, using that Z is central in G, that the cocycle ω| Z×Z×Z is trivial, and that the class of the 2-cocycle involved in the definition of M 0 (Z, 1) is trivial as well, the formula given for the cocycle ν in [10, Formula (7)] reduces to the following expression:
,
Here, g i ∈ G is a representative of the class t i ∈ G/Z, κ(t 1 , t 2 ) ∈ Z is defined by g 1 g 2 = g 3 κ(t 1 , t 2 ), where g 3 ∈ G is a representative of the class t 1 t 2 . Also, for each t ∈ K, η t : Z → k × is a 1-cochain such that dη t = ψ t , where ψ t is a certain 2-cocycle on Z. See [10, Subsection 5.2].
We may write K = s, t : s p = t p = sts −1 t −1 = 1 , where s = π(b), t = π(x), and π : G → G/Z is the canonical surjection. Thus, for all 0 ≤ i, j ≤ p − 1,
It follows from Formula (5.14) for ω that
for all 0 ≤ i, i ′ , j, j ′ , l ≤ p − 1. The cocycle ν becomes, for all 0 ≤ i, i ′ , j, j ′ , l ≤ p − 1,
.
Hence we obtain that ν(t 1 , t 2 ) = ν(t 2 , t 1 ), for all t 1 , t 2 ∈ G/Z. Therefore, the product (B.10) is commutative, andG is abelian. This finishes the proof of the proposition.
Remark B.11. An explicit expression for the 3-cocycleω ζ,λ in Proposition B.9 can be obtained from [20, Formula (24) ]. However, this expression will not be needed in what follows.
Proposition B.12. Let ζ, λ ∈ k be fixed primitive pth roots of unity, and let t ∈ Proof. Let C be one of the categories in (B.13), (B.14), and let us denote by ω the 3-cocycle corresponding to C, so that C = C(G, ω). Suppose that M 0 (L, β) is a pointed fusion category over C. In particular, due to [20, Theorem 3.4] , L is a normal abelian subgroup of G such that the class of ω is trivial on L, and β is a 2-cocycle on L. When L = 1, the category (C * M0 (1,1) ) op is equivalent to C.
The only normal subgroup of order p of G is its center Z = a . Since the group H 2 (Z, k × ) is trivial, then the only possible choice for β is β = 1. By Proposition B.9, the category (C * M0(Z,1) ) op ∼ = C(G, ω ζ,λ , Z, 1) has an abelian group of invertible objects. Therefore (C * M0(Z,1) ) op is not equivalent to any of the categories (B.13), (B.14).
The remaining normal abelian subgroups of G are the subgroups N j = a, b j x , where 0 ≤ j ≤ p − 1, and F = a, b . Observe that each of these subgroups has an exact complement in G; in fact, G = b N j , and b ∩ N j = 1, for all 0 ≤ j ≤ p − 1, and G = ΓF , with Γ∩F = 1. In addition, the restrictions ω| b × b × b and ω| Γ×Γ×Γ are both trivial; see Formula (5.14).
Denote F by N p and suppose that the class of ω| Nj×Nj ×Nj is trivial and β is a 2-cocycle on N j , 0 ≤ j ≤ p. In view of [26] , the fusion category (C * M0(Nj ,β) ) op ∼ = C(G, ω, N j , β) has a fiber functor.
It follows from Corollary B.8 that the categories (B.14) do not admit a fiber functor. The previous discussion implies that if C is one of the categories in (B.13), then C is not Morita equivalent to any of the categories (B.14). Similarly, we get that the categories (B.14) are pairwise categorically Morita inequivalent.
Finally, we know from Lemma B.6 that C(G, ω 1,1 ) is categorically Morita equivalent to mod-kG and C(G, ω 1,λ ) is categorically Morita equivalent to mod-kT . Since the exponent of G is p and the exponent of T is p 2 , Lemma B.5 implies that mod-kG and mod-kT are not categorically Morita equivalent. Hence, the categories (B.13) are not categorically Morita equivalent neither. This finishes the proof of the proposition. B.3. Proof of main result. In this subsection we combine the previous results to give a proof of Theorem B.2 and some of its consequences.
Proof of Theorem B.2. It follows from [25, Theorem 4.2] , that the categories mod-H and mod-H * are categorically Morita equivalent, for any finite-dimensional Hopf algebra H. In particular, the categories C(L, 1) ∼ = mod-k L and mod-kL are categorically Morita equivalent, for any finite group L.
Therefore, in view of Theorem B.1, it will be enough to determine the categorical Morita equivalence classes among the categories (B.15) mod-k Zp×Zp×Zp , mod-k Zp×Z p 2 , mod-k Z p 3 , and (B.16) mod-kG, mod-kT, mod-A ζ,1 , mod-A ζ t ,1 , mod-A ζ,g , . . . , mod-A ζ p−1 ,g , where ζ ∈ k is fixed primitive pth root of unity, 1 = g ∈ k F is a Γ-invariant group-like element, and t ∈ F p is a quadratic nonresidue.
In view of Lemma B.6 and Proposition B.12, the categories (B.16) are pairwise categorically Morita inequivalent. In addition, it follows from Lemma B. For a 3-cocycle ω on a group L, let D ω (L) denote the twisted quantum double due to Dijkgraaf, Pasquier and Roche [3] .
Corollary B.18. Let ζ, λ ∈ k be fixed primitive pth roots of unity and let t ∈ F p be a quadratic nonresidue. Then the categories of finite-dimensional representations of the (twisted) quantum doubles 
